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VIII. On the Vibration of a Free Pendulum in an Oval differing little from a
Straight Line. By G. B. dinry, Esq., Astronomer Royal.

Read May g, 1851,

In a paper communicated to this Society several years since, and printed
in the eleventh volume of their Memoirs, 1 investigated the motion of a
pendulum in the case in which it describes an oval diffexing little from «
circle ; and I showed that, if the investigation is limited to the first power
of ellipticity, and if » is the mean value of the angle made by the pendulum-
rod with the vertical, then the proportion of the time occupied in passing
fram ane distant apee to the next distant apse, to the mean time of a revo-
lution, is the proportion of 1 to the square root of 4 — 3 sin e, When « is
small, this proportion is nearly the same as the proportion of £ to 1 —§ sin "«;
or the time of moving from one distant apse to another distant apse is
equal to the time of half a revolution divided by r — § sin "z.  This shows
that the major axis of the oval is not stationary, but that its line of apses
progresses ; and that, while the ellipticity is small, the velocity of progress of
the apses is sensibly independent of the ellipticity, and may be assigned in
finite terms for any value of the mean inclination of the pendulum-rod.

This theorem, however, fails totally when the minor axis of the oval is
small. It is then found that the velocity of progress of the apses is nearly
proportional to the minor axis. But, although the movement of the pen-
dulum in this case may be defined to any degree of accuracy by infinite
series, it does not appear that it can be expressed In finite terms of any
ordinary function of the time. This is to be expected, inasmuch as, when
the problem is reduced to its utmost state of simplicity by making the minor
axis = o, the motion of the penduium can be expressed only by series. The
utmost, therefore, for which we can hope is, to determine the general form of
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the curve and the rate of progress of its apses, on the supposition that the
minor axis is small, in series proceeding by powers of the major axis. This
might be so extended ag to include higher powers of the minor axis, if it
were judged desirable. o

I have thought that an exhibition of the first steps of solution (cartied
so far as to include the principal multiplier of the first power of the mingr
axis) might be acceptable to this Society, not purcly as a mechanical pro-
blem, but more particularly beeause it bears upon every astronomical or
cosmical experiment in which the movement of a pendulum is concerneg,
The difficulty of starting a free pendulum, so as to make it vibrate at first
in a plane, is extremely great; and every experimenter ought to be prepared
to judge how much of the apparent forsion of its plane of vibration is really a
progression of apses due to its oval motion.

1. Let a be the length of the pendulum; =, %, &, the co-ordinates of the
bob, measured from the point of suspension, x bheing measured vertically
downwards : then we find, without difficulty, the following equations:—

dy d &
FaTvi T Ame

di
“-):-% (if-‘»' )‘ (’?.?)’ 2924+ B=o
(dt de/ Y\ ) ezt ’

A and B being two constants whose values will depend on the dimensions of
the curve described.  Eliminating » and its differentials from the second
equation, by means of the equation 2 -+ »* + 2* = o' and its differentials, it
becomes -

(0*—z*—y )I( ) (du) } + ( it Ty dt );'-zy(a‘v—x‘-yﬁ')% +B (@~ —y)=o

dt

2. The movement in a stationary oval, whose projection on & horizontal
plane docs not differ much from an ellipse, will be represented with the
utmost generality by the co-ordinates

Xemlb.ooowmt4p

Y == e.sin mt 4 g,

where p i3 a finction of ¢ inferior in magnitude to 4, and g is a fanction of
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inferior in magnitude to c¢.  And the movement in an oval whose apses’

progress will be represented by the ordinates

e X, oo — Y nin o
o= Xovin 4 Y . cos o),

where + is some angle which incereases slowly with the time.

It appeared to me probable, at first, that the best assumption for the
form of +y would be this: that the area described by the radius vector should
be increased, in consequence of the iutroduction of +f, in a constant ratio; a
condition which 18 expressed by this equation :—

x 4Y_ ydX

dy T T T
dt TUURYYE

But, upon proceeding on this assumption to the determination of the form of
g,it was found that it would contain a term of the form E./.cos mf, or
F.:.X, nearly; a term which was inadmissible, but which indicated clearly
that the axis of X must be supposed to revolve with a uniform velocity.

my ..
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2o X.cosnt—Y.qin nt
= X.sin ot 4 Y.cosnt,

n being a small constant: and this assumption has been followed by no
difficulties,

4. 1t is desirable, at as early a stage as possible, to establish the order
of the different quantities. The following is the order determined by several
tentative steps, which it is not necessary to repeat hore:—First, it is con-

sidered that > and > ave small quantitics of the first order; then it is found

that £ - is of the thlrd order, £ = of the fourth order, and = - of the third order;
that ¢ is comparable with #*a, B with m"a*, and A with mbe. It is our
object to preserve only so much of the equati:ons as will give the first power
of the smallest of these quantities, namely, g; this will be done by means of
the first equation, when p has been found ; and the second equation may be

limited, in t dz dy
he se::ond factor (dt) + (dt) of its first term, to quantities of

the order p, and to corresponding quantities in the other terms.
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5. Giving to « and y their values in terms of X and Y, » dy _ da
de ~ ¥

=X- ‘” Y E2 4 u (X + YY), Substituting for X and Y their values,
and mcludmg <1” to the order of b ¢, omitting cq and p g, the first equation
becomes

mbe—A Fnl*. cos’ mt - Mmep. OB ML~ ¢8I0 m;g{,’

+ mby.sinme o+ b.cos me. 2
di
an equation which we shall ase for determining the ‘values of » and ¢, when

that of p is found.
6. For the second equation : upon differentiating the values of » and Y, it

will be found that
cia:)’ dy\* _(dXY\ fiY) . de Y-dx t vt s s
(m +(E)"'(’J‘?)"’(m ( P z‘;)ﬂix + 1.

As we wish to prescrve only the first power of p or lt , which enters here
with quantitics of the fourth ovder, it will Iw found that we have only to
rotain the terms m’ &', sin* mt — 2 mb . sin mf di +m ¢ cos mi. The
multiplier ' — 2" — " or &" — X* — Y* will be reduced to ¢*— b". cos’m1.

And thuos the first part will be reduced to

d

k-]

|

mat P eintmit—amath.sinmt.

2.
s

+mtatetco mit

— i sintmt cont m b

dz dy L AX dYNE " . " |
7- ( dt+Jdt) = (3\-;2-;-+Y~&7) = (—mb*. cos m¢. sin mt+&e.), of

which the only part to be retained is +m*d’. sin‘ mi . cos” ml

2 l’&
there is to be kept
—agdtt+3gabt.cos mt +b6gabp.cosmit
+3gac,sin® mt

+
.....Lg,',{'.. Lcostme, A
4. [+







