CHAPTER III
THE RESOLUTION OF MATRICES

3'1. Four-point Matrices.

We are now going to show that fourfold matrices may be expressed as
E-numbers; so that the theory developed in Chapter iz has a particular
application to matrices.

First consider the six matrices

S,=0 1 0 0 Sﬁ=0 0 1 0 Sy=0 0 0 1
1 0 0 0 0 0o 0 1 O 0 1 0
o 0 o0 1 10 0 o0 o 1 0 0
0o o0 1 o 6 1 0 o0 1 0 o0 o
D=1 0 0 0 Dﬁ=1 0O 0 o0 Dy=1 0O 0 o0
0O 1 o0 o0 0-1 0 0 O—-1 0 0
0O 0-1 0 0 0 1 o 0 0-1 0
0 0 0 -1 0O 0 0 -1 0 0 0 1

The system of nomenclature is that the suffixes o, 8, v have reference to the
three ways of pairing four numbers, viz. 12, 34; 13, 24; 14, 23.
We also introduce two alternative notations for the unit matrix, viz.

Ss=Ds=1.
The following results of matrix multiplication are easily verified:
S.8g=18,, D, Dy=D,; (3-111)
S2=1, D2=1; (3-112)
Sy Dy=D,Sy, S,Dg=—D58,; (3-113)

with similar results obtained by permuting o, B, y, but not 3.
The commutative properties may besummarised as follows (@, b= «, 8,,5)
88y =88,, D,Dy=D,D,, 8,D,=(ab)D,8S,, (3-12)
where (ab) = (ba)=1 ifa=3, orb=3, or a=b}

313
= — 1 otherwise ( )

The product of any number of these matrices in any order can be reduced
to one of the sixteen forms:

+8, D, (a,b=c,pB,v,0)
For we can bring all the §’s to the beginning and the D’s to the end by
applying (3-12), and then reduce the S’s to a single S and the D’s to a single
D by applying (3-112) and (3-111). If either the S factor or the D factor
disappears, we insert the unit matrix S or Dy to preserve homogeneity.
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Thus the sixteen forms constitute a complete set in the sense explained in
§2-2. If we call a linear function of them with algebraic coefficients an SD-
number, the operations of addition, subtraction and multiplication applied
to SD-numbers will always yield SD-numbers.

3-2. DPentads.
It follows from (3-12) that

(S0 Dy) (Se D) = (be) (ad) (S, Dy) (S, Dy)- (3-21)
Hence the condition that S, D, and S, D; anticommute is
(be) (ad) = — 1. (3-22)
Let us write down the matrices S,D; which anticommute with S,Ds.
Here 6=3, so that (bc)=1. Hence (ad)= —1; and since a=«, we have

d = P or y. The suffix ¢ can have any value. Hence the matrices are

SocDﬁﬁ SBDB’ S‘}/Dﬁi SBDB’ SOtDy’ SﬁDy’ S),Dy, SBD),. (3’23)

Selecting one of these, Ssls, we find in a similar way that the following
-anticommute with it:

Sy Dy 8o Dgs Sy D, 8o Ds, 8, Dy, S, Dg, 8, D,, 8,Ds.  (3-24)
Hence the following anticommute both with 8, Ds and Ss Dg:
Sy Dss 8o Dy, S, Dg, S, D, . (3-25)
The first of these is the product of S, D5 and Sy Dg. A symbol which anti-
commutes with two symbols necessarily commutes with their product; thus
no further matrices can anticommute with the triad:

SocDS7 SS D.B’ SaDB. (326)

It will be found that the remaining three matrices in (3-25) anticommute
with each other, so that

- 8, Ds, SsDg, 8y D,, 8, g, S, D,
constitute a pentad of mutually anticommuting matrices.

Dropping the superfluous S5 and Ds, and inserting a factor ¢ where
necessary to make the square of the matrix equal to — 1, the pentad is

i8,, iDg, 8, Dy, Sy D,, S, Dy. (3-27)

yyr Patys
These five matrices accordingly satisfy the same conditions (2:23) as a
pentad of E-symbols, and constitute a particular identification of £,, £,,
E,, B,, Ey. Ifidentified in this order they are found to satisfy (2-22). All the
theorems of Chapter I1 then have an application to matrices.

The complete set £, can accordingly be identified with the complete set

) (ab)’l‘f 8, D, , the factor ¢ being inserted when (ab) = + 1 in order to make the
square equal to — 1.

3-2
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The five other pentads can be found from the theory of E-symbols, or
more simply by permuting «, 5, v in (3-27).

A set of four anticommuting four-point matrices was first introduced
into physical theory by P. A. M. Dirac in his wave equation of an electron.
The particular matrices used by Dirac form part of one of the pentads here
found. It was shown by J. v. Neumann that the complete set consisted
of 16 matrices.T The complete set S,.D, was first studied in this connection
by the author.i It has been pointed out by P. du Val that a similar analysis
had been developed in connection with the theory of Kummer’s Quartic
Surface.§

3:3. Components of Matrices.

In §3-2 we have found a representation of the E-symbols, and hence of all
 E-numbers, by fourfold matrices. We shall now prove the converse, viz.
that every fourfold matrix will represent an K-number; that is to say, any
fourfold matrix 7' can be expressed in the form

16
T'=Zt,B,, (3-311)

where B, , E,, B, E,, li; are the matrices (3-27).
The meaning of (3-311) will be clearer if we insert the row-and-column
suffixes «, 8 of the matrices, viz.

Lup =2t (B)up- ' (3-312)

Considering in succession the 16 combinations of suffixes «, 8, we have 16
equations to determine the 16 algebraic coefficients ¢, . The values of ¢, are
unique; for if there were another set of values ¢,’, we should have by sub-

traction 0=3(t,~t,)E

e
Hence by § 2-4 b), t,—t, =0.

As we shall presently solve these equations for {,, it is not necessary to
stop to prove here that the condition for the existence of a solution (non-
vanishing of the determinant of the coefficients) is satisfied.

We call ¢, (or E,t,) a component of T, and u a matriz suffix, as distin-
guished from the elements T, and the row-and-column suffizes o, B.

The sum of the diagonal elements of a matrix is called the spur, and will
be denoted by {T'}.

The matrices S, D, have no diagonal elements unless ¢ =3. Also we see
from the definitions of D, Dﬁ, Dy in §3-1 that their spurs vanish. Hence

+ Zeits. fir Physik, 48, 881 (1928).

1 Proc. Roy. Soc. A, 121, 524 (1928).

§ The connection with the Kummer collineation group has been treated fully by
Q. Zariski, Amer. Journ. Math. 54, 466 (1932).
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{8, Dy} =0, except {Ss Ds} =4. Changing to the £, notation, we have

(B}=0 forp=1,2,..15 ({Hg=4. (3-32)
Taking the spur of (3-311), we have
{T=2t, (B, }=4itg=4qs T (3-33)
I

by (2:395). Thus the spur of a matrix is (appropriately) four times the
quarterspur. It is to be remembered that for a general symbolic Z-number
(not identified with a matrix) the diagonal sum would have no meaning. It
is for that reason that we have introduced the quarterspur as a more general
characteristic, not implying matrix representation.

By (2-52) ty=—qs (B, T)=~}{E,T} (3-34)
by (3-33). We have thus an explicit formula for the components ¢, of a
matrix.

Owing to the great importance of (3-34) it may be desirable to give a
direct proof. Multiply both sides of (3-311) by £,, and take the diagonal

sum; we have
{E,T}= E ty {£,E,}.

Now E, E, reduces to a single symbol, whose spur vanishes by (3-:32) except
when p=v. Hence (B, T)=t, (B2 = —1,{1}= —4t,,

which is equivalent to (3-34).
We can write (3-34) in a form which avoids the use of the symbol { }.

Inserting row-and-column suffixes (and temporarily dropping the matrix

SufﬁX): ET:EOCB%)/’ {ET}zEaﬁ%a_

Divide the symbol 7' into two portions each carrying a suffix, thus,
TB="T,T8,

Since the suffixes are explicitly indicated, we may rearrange the order of

the factors, (ET}=E,BT,T*=TE,8Ts=THT,

the suffixes being omitted after the rearrangement since they follow the
chain rule. Thus (3-34) becomes

t,=—3I'E,'L (3-35)
We call T and I" symbolic factors of T'.
In particular, if a matrix Jis the outer product of two vectors ¢, y*, so
that
J =hx*, (3-36)
the components are .
P Ju= =B, (3:37)
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The expectation value of an operator X with respect to wave vectors
and y* is defined to bet X =y X+ x4, (3-38)
It follows from (3-37) that the expectation value of &, is 1), /j¢.

3:4. General Orthogonal Frames.

The SD matrices which constitute the symbolic frame used in § 3-3 are of a
special type, called four-point matrices, since they have only four non-
vanishing elements. By §2-7, Case (), an equivalent frame £, is obtained

by the transformation g '—qB.q (90 =1) (3-41)
[ 2 )

where ¢ is any non-singular £-number, and therefore in the present applica-
tion any non-singular fourfold matrix.

The matrices & . of the new frame will not generally be four-point matrices.
We have therefore to consider whether the results of §3-3 will apply to
the new frame. ’

The spur {£,} is invariant for the transformation (3-41). For

{E/L,} = (Ep./)ococ =dqu8 (Ey)ByQyocl = Qyoc/%xﬁ (Ep,)ﬁy
=(4'98,)yy = (B} (3-42)
since g'¢=1. Hence the formulae (3-32) apply equally to the frame "
Except in calculating the spur, no use was made of the special properties of
SD matrices; and therefore all the results in § 3-3 apply to E,".

In particular the formulae (3-35) and (3-37) for the components apply to
any orthogonal frame of matrices.

Up to the end of Chapter VI we shall (unless otherwise stated) take the £,
to be general fourfold matrices which satisfy the conditions for a complete
set. We shall not specify the particular set of matrices used. This is in accord-
ance with the relativity principle in §2-9, that there can be no absolute
description of the reference frame initially chosen; but if other frames are
subsequently introduced they can be defined relatively to the first frame by
stating the components (in the first frame) of the transformation matrix ¢.
The frame S, Dy has served its purpose in enabling us to construct the whole
set of equivalent frames; but it has no special significance in physics, since
the structure of the commutation relations is common to all the frames.
For example, we must not think of §, D, as being physically distinguished
from other legitimate frames in the way that Galilean coordinates are
distinguished from other legitimate coordinates. Its apparent distinctive-
ness (shown in the simplicity of the matrices) is really a misfit between the

T This is & somewhat generalised definition of expectation value. In current theory the
term is restricted to an expectation value with respect to one wave vector ; y is then replaced
in the formula by the complex conjugate of . It must not be assumed that the familiar
properties (e.g. that the expectation value is intermediate between the greatest and least
eigenvalues) hold for the generalised definition.
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physical structure and the mathematical expression of it by matrices. If we
keep to general symbolic E-numbers no such misfit occurs, and in that
respect they give a closer representation of the actualities of physics than
the matrix representation does.

It may be asked, What do we gain by introducing matrices instead of
general E-numbers? Ultimately I think we gain nothing. I do not think that
there is anything in the physical constitution of the systems to which we
apply this calculus that is represented in the matrices and unrepresented
in the general E-numbers. The main justification for using a particular
representation is that it simplifies the algebra in practical problems. Thus in
Einstein’s theory we introduce special coordinates for the discussion of the
phenomena of the solar system, since the analysis of these phenomena would
be intolerably difficult if we retained general coordinates throughout. We
shall sometimes use the frame of four-point matrices in this way to establish
results known to be invariant, which it is therefore sufficient to prove in any
oue frame of reference. On the other hand we are liable to lose valuable
insight by premature introduction of special frames or special coordinates.
Temple has shown that, even in so special a problem as the determination
of the energy levels of the hydrogen atom, matrices are not required, and
the work can be carried out with general E-symbols; his determination
appears to me not only more illuminating but actually much simpler as
regards algebraic calculation than the proofs previously given in terms of
matrices (§9-3). In any case the use of matrix representation expressly for
the purpose of facilitating calculation is a very different matter from its use
in the formulation of the fundamental laws of physics.

But, whatever the ideal course, I am here limited by the fact that I do
not propose to reinvestigate the whole quantum theory. I must develop the
present relativity theory up to a point at which it meets the accepted results
of quantum theory which are soundly (if unaesthetically) established.
These results are given in matrix representation by Dirac and others, and
the conventional nomenclature and definitions have reference to the matrix
representation. I must have an eye on the theory that I am steering to meet
before T actually make contact with it; therefore it seems unwise to post-
pone the transition to matrix representation for long. Meanwhile the
knowledge that there is an equivalent theory in terms of general symbols
is reassuring; for I cannot believe that anything so ugly as the multiplication
of matrices is an essential part of the scheme of nature.

In §2:7, Case (b), we may take the £, to be matrices and the ¥, to be
general symbols, or vice versa; then ¢ will be a mixture of matrices and general
symbols. Thus the use of matrix representation does not entirely cut us off
from general symbols; the gap can be bridged by an ordinary tensor trans-
formation. I shall be talking chiefly about matrix frames; but if you will
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inscribe ¢ on the front cover of the book and ¢’ on the back cover—then 1
am talking about general symbolic frames !

There are two kinds of property which at first sight seem to be expressed
more simply in matrix calculus than in general symbolic calculus:

(1) A matrix can or cannot be resolved into two factors. We shall call a
factorisable matrix a pure matrix. Thus we can recognise a distinction
between pure and impure matrices, which is not apparent in the corre-
sponding general symbols; the “factors” of a general E-number are an
undefined conception. But purity of a matrix is an invariant property for all
wave tensor transformations, since the two factors (vectors) transform
separately. There is therefore some invariant characteristic of an £-number.
which corresponds to the factorisability of all its matrix representations.
This characteristic is found to be idempotency (§ 5:6). Purity is expressed
quite as easily by idempotency in symbolic calculus as by factorisability
in matrix calculus.

(2) In the specimen pentad (3-27) three matrices are imaginary and two
are real. This partition persists in all pentads (§3-5); and it is of great im-
portance in physics, being the foundation of the distinction between space
and time. To ascribe real or imaginary character to general symbols would
involve something not expressible in terms of their commutability relations.
It is to be remembered that the £, are all square roots of —1, whether they
are represented by real or imaginary matrices. In the case of four-point
matrices the imaginary matrices are symmetrical and the real matrices
antisymmetrical (for interchange of rows and columns), and the distinction
can be equivalently described by reference to symmetry; but the property
of symmetry or antisymmetry is not invariant for tensor transformations.
Matrix representation seems to afford the easiest way of expressing this
distinction; but there would be no great difficulty in working out an alter-
native treatment by general symbolic methods if desired.

From Chapter viI onwards our point of view changes, and we shall gener-
ally restrict the E, to four-point matrices (SD matrices). That is because
we have finished contemplating the ‘‘blank sheet” and are beginning to
write something on it; and the property of symmetry or antisymmetry of
the matrices of a certain frame is one of the first things that we write.

3-5. Real and Imaginary Matrices.

A maitrix is said to be real if all its elements are real, and imaginary if all its
elements are imaginary. If any of the elements are complex, or if some are
real and some imaginary, the matrix is said to be complex. We shall show
that, if complex matrices are excluded, three members of a pentad are
imaginary and two are real.

We first prove by a reductio ad absurdum that five imaginary matrices
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cannot form a pentad. Suppose then that F,, F,, F;, F,, F; are imaginary
matrices forming a pentad; this is connected by a tensor transformation
with. the known pentad (3-27) containing three imaginary matrices £,, £,,
By and two real matrices H,, E,. By §2-7 the transformation connecting
complete sets &, F, is

F,=PE,P', P=uSF,E,, P =uXEF, PP=1. (35l

The singular case is avoided by using an appropriate reflection of the pentad
(3:27); for, as shown at the end of § 28, there is at least one reflection which
gives non-zero P and P’.

Write P=R-+i8, P'=R+i8, (8-52)
where R, R’, S, 8" are real matrices. Then, since P'P=1,
RR—88=1, RS+8R=0. (3-53)
By (2-75) L P=PFE, E P =PF.

Hence, separating the real and imaginary parts,
F,R=RE,, Fl»S’z SE,, E,R=RF, ES=S8F,
so that B R'RE,=RFFR=—RR.
Hence B, R"R= R’ RE,. Similarly B’ R commutes with F, and Z;. Therefore

by §2-5 (¢) it consists of components which commute with £, , B,, B;. This
restricts it to the form R'R=a+bl,;. (3-54)

Since F,; is a real matrix, a and b are real coefficients.
Again, separating the realandimaginary parts of ¥, P= PE,, E, P'= P'F,,
we have

F,R=iSE,, F,S=—iRE,, E,R' =iSF, ES8 =—i{RF,
so that E,RSE,=S8F,F,R=-SR=R'S
by (3-53). Therefore R’S anticommutes with E,. We can show similarly
that it anticommutes with #,,, Hy,, E,,. This restricts it to the form

R'S=cE,;=—S'R, (3-55)
where ¢ is real.
By (3-54) and (3-55)
RP=R (R+iS)=a+bH,;+icE;,

PR=(R +iS)BR=a+bE,;—icl,;.
Therefore

R'R=R PP R=(a+bE;):+c2E2=a®—b2—c*+2abE,;. (3-56)
Comparing with (3-54), we have
a=4%, a?-b%—cl=aq,

s0 that b2+ ¢*= —}, which is impossible since b and ¢ are real.
We can show similarly that a pentad of four real matrices ¥, F,, F,, Fj
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and one imaginary matrix F; leads to a contradiction. For, denoting the real
matrices in the standard pentad by E, E, and the imaginary matrices by
E,, E,, E;, we have again two matrices F,, F; whose character (real or
imaginary) is opposite to that of the corresponding matrices E,, F;, and
the proof applies without alteration.

No other case arises, since by (2-22) the number of imaginary matrices in
a pentad is necessarily odd. Thus the only possible partition of matrices in
a pentad is three imaginary and two real.

The theorem has been generalised to matrices of m rows and columns by
M. H. A. Newman.} If m =29, where p is odd, the maximum number of
matrices in an anticommuting set is 2¢9 + 1; and of these ¢+ 1 are imaginary
and ¢ real.

A case that might possibly be of physical interest is m = 16. The maximal
anticommuting sets are then nonads with five imaginary and four real
matrices. A nonad can be constructed as follows: The sixteen rows are
designated by double suffixes «f («, f=1, 2, 3, 4). Then if £, denotes a
4-rowed matrix correlated to the first suffix, and Fu the same matrix
correlated to the second suffix, the outer product £, F, is a 16-rowed matrix.{
An example of a nonad is

1y By, 2B By, i By, 1B By, i B F,, iE,F,, Fy, Fy, F,. (3-57)
It is constructed by means of a pair of conjugate triads of E matrices (see
° (3+82)).

3-6. Determinant of an Z-number.

It is useful to have before us the explicit expression for the matrix which
represents a general B-number T'= 3¢, B, with some standard identification
of the matrices Z,. The following is the matrix representing 7', when the
matrices B, B,, By, By, B are taken to be 48, ¢13, 18, D,, S, D,, S, Dy as
in (3-27). We write 7, for 4f,.
Ti6 T Tas T Tot7T1a, Ty +Taattor Hlyy Tagtlys +715+ by, Tratag Tt 73,
Ty T Taa—lor ~lys TietTas—Te —Tis Teatlas —ls — T3, Tagtlas —Tis— I,
Tag~las T Tis a1, Taa—log Hl5 — Ty, Tig—Tast Ty — Ty T1 —Taa iy —las
Toe—log —ls +73; Tag—lys —Tis Ty, T —Tag—lyy iy 5 T1g—Tes— T2 +T1a
(3-61)

The columns correspond to the first suffix and the rows to the second suffix
of Typ-

The determinant formed by (3-61) can be evaluated. It is found to be

det T =X, 4 258, 28,2+ 851t b0ty + 85t bor by tyg.  (3:62)

Here the first two terms on the right are written in single-suffix notation,

1 Journ. Lond. Math. Soc. 7, 93, 272 (1932).
1 Matrices of the form &, F, are treated fully in Chapter x.
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and the last two terms in double-suffix notation. In the second term the
sign is positive if £, #, anticommute and negative if they commute; in the
last term the sign is positive if u, v, o, 7, A, p is an even permutation of the
suffixes 0, 1, 2, 3, 4, 5 and negative for an odd permutation. Itis understood
that each component is written in one way only in the double-suffix nota-
tion; e.g. iy, may also be written as —i,,, but it is not to be included a second
time in the summation on account of the two ways of denoting it.

The determinant of a mixed tensor is unaltered by tensor transformations.
Thus (3-62) will be invariant when the special matrix frame used in (3-61) is
changed to any other frame £,

We define the determinant of an E-number to be the function (3-62) of its
sixteen coefficients. With this definition the determinant of an E-number
is the same as the determinant of any matrix representation of it; and
properties of fourfold matrices which involve their determinants can be
extended to general symbolic Z-numbers.

It is well known that the condition that a matrix 7' shall be singular is

det T =0. (3-63)
Also, by a well-known theorem, for any two matrices S and T’
det (ST)=det S xdet T'. (3-64)
We see by inspection that when B, =S, D,
det B, =det S, x det D,=1; (3-65)

and, since the determinant is invariant for tensor transformations, this
holds for the matrices £, of any complete orthogonal set. (The same result
is also found directly from (3-62).)

By (3-64) and (3-65) det (B, T)=det 7. (3-66)
And by (3-62) det (@ +bE,)=(a®+b%* (u+#16).
Hence
det (cos+ B, sinf)=1 (n+#16). (3-671)
We generally write cos 0+ K, sin 6 = efu? (see §4-1); hence by (3-64)
det (Tefuf)=det T (n#16). (3-672)

We shall later consider transformations of the form 7 — Tefuls,
T — ¢¥Bubu el ete. By (3-672) any number of these transformations
leaves det 7' invariant, if the algebraic transformation p=16 is excluded.
Further, if p=16 and 6,4 is real, the transformation does not alter the
modulus |det7'|. A transformation which leaves |det 7’| unaltered is
called a wnitary transformation. Of the 32 possible transformations eZufu
(counting real and imaginary 6, as different transformations) the only one
which is not unitary is that given by imaginary 05.

These results apply to general E-symbols as well as to matrices, the
determinant being defined by (3-62).



