CHAPTER II
THE SIXTEENFOLD FRAME

2:1. Symboeolic Galculus.

For our physical applications the significance of a matrix is embodied, not
so much in its representation as an array of numbers, as in its non-commu-
tative multiplication property (1-34). Most, if not all, of the properties of
matrices which make them suitable for describing the conditions and
activities of the physical universe are also possessed by general symbols
endowed with the same non-commutative properties.

We shall therefore develop a calculus containing a number of symbols
which do not obey the commutative law of multiplication, but obey the
other elementary laws of algebra. The following definitions are adopted:

A symbol which commutes with every symbol in the calculus will be
called an algebraic number.

The number 1 is defined to be a symbol which satisfies

1.E=E.1=E,

where E is any symbol in the calculus. From the definition of 1 the defini-
tions of other algebraic numbers follow in the usual way. In particular ¢ is
defined to be a symbol satisfying

iE=Fi, #E=—F.

The underlying idea is that a symbol has no properties exdept such as
are manifested by it in the operations of the calculus in connection with
which it is used. Its nature lies in its behaviour; it has no intrinsic nature.
Therefore if a symbol behaves like the number 1 in every possible operation
of the calculus, it 4s the number 1. If our calculus is afterwards extended by
the introduction of additional symbols or operations which give a further
opportunity for discriminating behaviour, some of the symbols originally
counted as algebraic may cease to be algebraic. We may regard ‘“algebraic”’
as a relative characteristic depending on the range of symbols which con-
stitutes our calculus.

I have here deviated from the terminology in pure mathematics, where it
is customary to give a much wider meaning to the term ““algebraic”. But
I think that most readers of a physical treatise will naturally understand
“algebra’ to mean “ordinary algebra’; and therefore the distinction
between quantities which obey the rules of ordinary algebra (including the
commutative law of multiplication) and those which do not is most in-
telligibly described by the adjectives “algebraic’ and ‘“non-algebraic”.
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2:2., Complete Orthogonal Sets.

Let B, E,, E;, E, be four symbols which satisfy
Ef: -1, EMEV= ——EVEM (., v=1,2,3,4; u#v). (2-21)

That is to say, the symbols are four mutually anticommuting square roots
of —1. We shall find in § 3-2 that there exist matrices which satisfy (2-21),
so that we need have no qualms as to the legitimacy of postulating such
symbols.

When we are given an even number of anticommuting square roots of —1,
we can always find an additional anticommuting square root, making the

total number odd. Let . %E5 — E1E2E3 E4 . (222)
We have (iBy)2=E, E,E, B, F, F,F, E,
—E,E,B,E,E,E,E,E,,

since the rearrangement of order involves six jumps of a symbol over a
different symbol, and each jump reverses the sign of the expression by (2-21).

Hence  (iE)p=B2BERER = (~1)(=1) (1) (~1)=1,
50 that E2= —1. We can verify similarly that £, B, = — E, F,, ete.

Thus we have five symbols satisfying (2-21). Both equations of (2:21)

are included in the form
L(B,E,+E,B)=~5,, (nv=123,45), (2-23)
where 8, is the symbol defined in (1-43).

Any product formed by repeated multiplication of £, E,, B, E, can be
reduced to the form + EPE2E’ES, since in collecting the factors the
alteration of order can at most change the sign of the product. Also, since
E?*=—1, E? reduces to + E, or + 1. Thus, disregarding sign, the product
reduces to one or other of sixteen forms:

1, E,, E,E,, B, EE,, BEEE (uv,o=1,234 p#vo).

Multiplying (2-22) by E;, we have (2-24)

3B, By = BB, B, B, = — B, B, ,,

so that by using E; the triple products can be reduced to double products.
Disregarding factors + 1, ¢, the forms (2-24) are equivalent to the sixteen

forms i, B,, B,E, (1,v=1,2,3,4,5; p#v). (2:25).
As here written they are all square roots of —1; since

(E,E)=E B E E,=-EEEE=-E>=—1.

A linear function of the sixteen expressions (2-25) with algebraic coeffi-
cients (real or complex) will be called an E-number. We see that the opera-
tions of addition, subtraction and multiplication applied to E-numbers
will always yield E-numbers. In virtue of this property the sixteen expres-
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sions are said to constitute a complete set. Similarly in algebra the symbols
1 and 7 constitute a complete set, since the operations of addition, subtrac-
tion and multiplication applied to complex numbers always yield complex
numbers.t

For reasons which will appear later the sixteenfold complete set here
introduced is called an orthogonal set.

The E-numbers are a particular case (n=4) of Clifford’s numbers,]
which are formed analogously from any even number »n of independent
anticommuting square roots of — 1. Since the E-numbers, or their equi-
valent matrices, play a fundamental part in the physical theory which we
shall develop, the theory is dependent on the choice n = 4 which we make at
the outset. This choice will ultimately be justified in §16-8, where it is
shown that it is imposed by the epistemological principles involved in the
conception of measurement.

2:3. Notation of the £-symbols.

We shall write  E,=E B, (u,v=1,2,3,4,5; u#v). (2-31)
For uniformity we also give the original five symbols an alternative double-
suffix notation, viz. E =E, =-E (2-32)

[ 2 :

Then the sixteen expressions (2-25) which constitute the complete set
become i, By (3v=0,1,2,3,4,5; u£v). (2:33)

By (2-31) and (2-32) we have in all cases B,,= —E,,. In making up the
complete set of sixteen symbols it is arbitrary whether we employ E,, or
Ew. It would, of course, be redundant to include both.

By using (2-21) and (2-22) we find the following general rules of multi-

plication: Efw E;w= —1, (2-341)
E,E,=~E,E,=E,, (2-342)
E,EBy= - B, B, =ik, (2-343)
where p, v, 6, 7, A, p is any even permutation of 0, 1, 2, 3, 4, 5. For an odd
permutation B, E, = —iE,,.

The summation convention is not used in the above formulae. Unless
otherwise stated we shall limit the summation convention to the row-and-
column suffixes of matrices and wave vectors.§ In later developments the
symbols B, will be identified with matrices; they will then have the form

t Some writers use the term “‘complete set” for the group of linear expressions (in this
case the E-numbers). The expressions in (2-25) would then be called ‘‘generators” of the
complete set.

1 Amer. Journ. Math. 1, 350 (1878).

§ The summation convention is also employed when well-known formulae are quoted from
general relativity theory.
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(E,,)ap> where o and B indicate the element in the ath column and fSth row
of the matrix. In that case the summation convention will apply to « and B,
but not to the suffixes u, » which distinguish one matrix of the set from
another. '

By (2-342) and (2-343) the K-symbols commute or anticommute according
as they have no suffix or one suffix in common. We therefore obtain a sub-set
of mutually anticommuting symbols by fixing one of the two suffixes and
letting the other vary, e.g.

By, By, Bygy By, Bys.
We call such a sub-set a pentad. There are six different pentads; and each
symbol is a member of two pentads. Our original symbols &, , &, H;, E,, E
constitute the pentad with fixed suffix 0. It will be seen that, if we start
from any of the other pentads and follow the same treatment, we reach the
same complete set.

There exist also triads, i.e. sets of three mutually anticommuting E-
symbols, which do not form parts of pentads, viz.

Ep.w B, Eo‘/,(. (n#v#0). (2-35)

The maximum number of mutually commuting £-symbols (excluding 7)
is three; for no two of them can have a suffix in common, and therefore three
symbols exhaust the six possible suffixes. The three commuting symbols
are accordingly

B, By, By, (p,v,0,7,A, p,all different). (2-36)
We call such a set an anti-triad. Adding to it the symbol ¢, which commutes
with all symbols, we obtain an anti-tetrad.

The two triads B, By, By, B, By, L,, (2-37)
where y, v, o, 7, A, p are all different, are called conjugate triads. They have
the property that every member of one triad commutes with every member
of the other (see §3-8).

We shall often employ an alternative single-suffix notation for the

E-symbols (2-33), viz. B, (=1, 2, ... 16). It is then understood that the
first five symbols form a pentad, and that

Eg=1, (2-38)
but the order of the others is left unspecified. A general F-number is then
n=16
T= X% ¢,E, (2-39)

pu=1

the coefficients ¢, being algebraic numbers, real or complex. The individual
terms ¢, E, are called components of the E-number. The algebraic com-
ponent &4 E1q, or iy, Will be called the quarterspur (abbreviated as gs). We
have therefore qs T =ity (2:395)

If qs T=0, T is said to be degenerate.
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2:4. Linear Independence of the #-symbols.

(a) If a complete set is multiplied through by any one of its members, we
obtain the same set in a different order, apart from algebraic factors +1 or
+ 4. This follows from (2-34).

(b) If an E-number vénishes, every component is zero. For suppose that
the E-number t B+ 1, Byt ...+, E, =0, (2-41)
the coefficients being non-zero. Multiply through by £,,; it follows from (a)

that we obtain an expression of the same form and with the same number
of terms as (2-41). The last term is ¢, E,2= —t, (or i, F). Accordingly,

let the result be to By +tgEg+ ... — £, =0. (2-42)

Let & be one of the symbols which anticommute with £,. Multiply (2-42)
firstly by initial £, and secondly by final Z,, and add. Then
b (B By + B B ) +ig (B BEg+ EgB ) +...—2t, B, =0.  (2:43)

The first term vanishes, and possibly some of the other terms; but the
equation cannot wholly disappear since the last term does not vanish. If
E. commutes with Eg, (B, Eg+ Egh )= + 218, where F, is another symbol
of the set, by (2-343). Hence (2:43) reduces to an expression of the same
form as (2-41) bwt with fewer terms.

By repeating the whole process as often as required we remove all terms
except the last; we are then left with an equation containing just one non-
zero term—which is absurd. Thus an equation of the form (2-41) is impossible
unless all the coefficients are zero.

This shows that the £-symbols are not connected by any linear algebraic
identity. In other words the set is complete but not redundant.

2-5. Miscellaneous Properties.

The following easily established properties of E-symbols are collected here
for reference:

() Each symbol (except E) anticommutes with eight symbols, viz. the
remaining members of the two pentads to which it belongs. It commutes
with the remaining eight symbols, which include itself and K.

(b) Each symbol (except E,4) anticommutes with at least one member of
any given tetrad. (A tetrad is formed by four members of & pentad.) For if
the tetrad is Ky, By, , By, By, thegymbol £, has one suffix in common with
one of these unless both o and  are 5. But o and T cannot be the same.

(c) If an E-number commutes with £, , every non-vanishing component
commutes with E,. For the condition that X¢, £, commutes with £, is

2,4 (E,E,—E, B,)=0.
Terms for which E,, E, commute disappear; terms for which £,, £, anti-
commute reduce to the form + 2¢ B by (2-342). No two terms reduce to



2-6] The Sixteenfold Frame 25

the same . By §2-4 (b) the coefficients of these surviving terms vanish
separately; that is to say, £,=0 for those components F, which do not
commute with E,.

(d) Similarly if an E-number anticommutes with £, every non-vanishing
component anticommutes with £, . .

{e) If an E-number commutes with each member of a tetrad, it is an
algebraic number. For by (c) its non-vanishing components commute with

each member of a tetrad, and by (b) no f-symbol other than £, can do this.
The E-number therefore reduces to Fy4t4, Or tty4.

(f) Yor any E-number 7' we have
pn=16 .
z % E,TE,=—16qgsT. (2-51)
n=1
Consider the component ¢, 2,. We have
EHE’VE'M= —-E, ifE, E, commute,
=+k, ifE,, B, anticommute.
Hence, if v+ 16, we have by (@)
2, B,BE,E,=~—8E,+8E,=0.
For v=16, 2.8, B E,=—16E.
Hence 2 E,TE, = —~16E3=—16qs T.
(9) The coefficients ¢, of an E-number satisfy
b= —qs(TEM)= —-qs (EMT). (2-52)
Let S=TE,. Each component of S corresponds to a single component of

T by § 24 (a). The quarterspur of § correspondi 0 the component ¢, B, of T,

and is therefore equal to ¢, B, . E, = —¢,, which proves the theorem.
Combining (2-51) and (2-52) we obtain
16t,= —16qs (T'E,)=2, B, TE, K, =% E E,TE,. (253)
() If S and T are E-numbers

qs (8T) = —2,8,t,=qs (T8). (2-54)

2:6. Reciprocals.

Let S and T be E-numbers. Generally there exist two quotients 7'/S,
which are the E-numbers B, R’ defined respectively by

RS=T, SR =T. , (2:61)

Considering the first of these equations, the vanishing of the E-number
RS — T requires that every component of it should vanish. We have there-
fore 16 equations (linear in 7,) to determine the 16 coefficients r, of the
E-number R. A solution will exist unless the determinant of the coefficients
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of the r, vanishes. Since the coefficients of the r, are furnished by S, the
existence or non-existence of a solution depends on § but not on 7' (assuming
T4+0).
If there is no solution, i.e. if § fails as a divisor, S is said to be singular.
In particular, taking 7'=1, an E-number § will have a reciprocal R
(such that RS=1) unless it is singular. A singular F-number has no re-
ciprocal.

If BS=1, SR=1, (2-62)
we have R=R(SR)=(RS)R' =F/, (2-63)
so that the same reciprocal is obtained by either definition. An F-number
commutes with its reciprocal.

Let T be an E-number which commutes with §. Denoting the reciprocal
of § by 87, we have g1 g g-1= 81,875,
whence ST =781

So that an F-number which commutes with S commutes also with its
reciprocal. We can also show that, if two F-numbers commute, their reci-
procals (if any) commute.

If Sis singular, the vanishing of the determinant of the coefficients makes
it possible to obtain an infinitude of solutions of

RS=0. (2-64)
Any such solution R is called a pseudo-reciprocal of S. A pseudo-reciprocal
is necessarily singular. If B is a pseudo-reciprocal of §, X R is also a pseudo-
reciprocal of §, X being any #-number; forif ES=0, XRS=0. A product
of E-numbers is singular if any of its factors are singular.

It is important to notice tha\ﬁ,\ when S and 7' are F-numbers, the equation
ST =0 does not imply that either S=0 or 77=0. There is an alternative,
viz. that § and 7" are singular. )f[f, however,

SE,T=0 (2-65)
for every symbol E, of the complete set, then either §=0 or 7=0. For
suppose that §+#0. Then by (2-53)

168t, = SE, TE, B,
“

=0, by (2:65).
Hence ¢, = 0. Since this applies to every component ¢,, it follows that 7 =0.
If 8 is singular and RS contains no non-algebraic terms, then
RS =0. ‘ . (2:66)
For if RS were a non-vanishing algebraic quantity «, RE/a would be the
reciprocal of §, so that S could not be singular.

Since —Z,.H, =1, the symbols E, are not singular. Hence if 770,
B,T+#0.
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2-7. Transformation of Complete Orthogonal Sets.}
Let F,=qE,q, (2-71)
where 99’ =q'q=1. (2-72)
Then the ¥, form a complete set having the same structure as the set of 7.
This is proved by showing that the relations (2-34) pass over unchanged
from the E, to the F,. Taking, for example, (2-342)

For Bpo=9Eu 4 - 9B,0q
=qE,qu,uaq, by (2:72)
= qE’vaql = E}o‘ .
Here g and ¢’ may be E-numbers or they may involve entirely new symbols.
We make no assumption as to their nature.

The converse theorem is that if &, , ¥, are two complete orthogonal sets,
arranged in corresponding order so that ,, ¥, commute or anticommute
according as E;u E, commute or anticommute, there exists a transformation
(2-71) connecting them. We shall prove this under the restriction that

(@) The F, are E-numbers, or

() The F, are new symbols which commute with all the £,.

16 16

Let P=oc%FyE”, P'=ochEqu (2-73)
o being an algebraic number. Considey the expression F,PE,. It has 16
terms of the form oF, (F, Er# )E,.
IfE, E, anticommute, and therc:f/oxé F,, F, anticommute, this becomes
—ol, F, B, E,, which is of the form —of K, by (2-342). If E,, E, and
F,, F, commute, it becomes o.F, F, B E,, which is of the form « (:F,) (i E,) or
—al B, by (2-343). Thus F, PH, gives the 16 terms of — P in a different
order; hence F PE ——P. (2741)
Similarly E PF,=—P, (2-742)
Multiplying by final E, and final ¥, respectively, these give

F,P=PE, E,P'=P'F,. (2-75)

Case (d). F, is an E-number.
Multiplying together the two equations in (2-75), we have

E,PPE,=PFFP=—PP.
Hence, multiplying initially by — E,,
P PE=E PP.
Therefore P'P commutes with every E,, i.e. with every symbol in the
calculus. It is therefore an algebraic number. Reserving the singular case
1 This transformation was introduced by G. Temple, Proc. Roy. Soc. A, 127, 342 (1930).
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P’P =0, for consideration in § 2-8, we can choose « 80 as to make P'P=1. It
follows that PP’ =1; and by (2-75)

PE,P'=PP'F,=F,,

so that P is the required transformation operator ¢ in (2-71).

Case (b). F, commutes with the E,.

Then P=P’. If P is multiplied by E; F;, we obtain the same 16 terms in
a different order, except that those which commute with Z, (and therefore
with F}) acquire a factor ¢ by (2-343). Thus 8 terms are reversed in sign. In
the product P x P, each term of P occurs 16 times, 8 times with the original
sign and 8 times with reversed sign, except that ¢, occurs 16 times with
reversed sign. Hence pa_ 2 (— 16E,,F,g) = 1602.

Taking «= 1, we have PP’ = P%=1. Then by (2-75)
PE,P'=PP'F,=F,.
Hence the required transformation operator is
q=q¢'=32E,F,. (2-76)

2:8. 'The Singular Case,

In Case (a), but not in Case (b), it may happen that PP’ =0 and the fore-

going method of determining g breaks down. We shall show that never-

theless there is a transformation ¥, =q#, ¢’; but instead of ¢= P, we have
/

qg= P9, where . / -
P >=O"2J/F[LEUE‘ui PO=oX, E,E,F,, (2-81)

and E, is one of E-symbols. The transformation previously given corre-
sponds to o = 16; if that fails we try another value of o, until we find one such
that POP@ %0,

Ordinarily the vanishing of PP’ does not imply that either P or P’ is
zero; but in the present case we have, by (2:75),

PE, P'=PP'F,=0
for every E,. Hence by (2-65) either P=0 or P’ =0.
Let E©O=(E,)E, (iE)=—-E,E,E (2-82)

ag ©w ag*

Since this is a transformation of the form ¢& ¢’ with ¢¢'=1, the E,© form
a complete set. By (2-82) B, =E, or —E, according as E, commutes or
anticommutes with E,; thus the transformation simply reverses the signs
of eight members of the set. We call the set B, a reflection of the set E,,.
Including the original set (reproduced when o = 16) there are sixteen different
reflections, which correspond to the sixteen possible combinations of sign
in an initial tetrad + E,, + E,, £ B;, + E,.

By (2:51) 2,E0=16qs H,. (2-83)
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Hence by (2-81)
%, POE,= — 1643, F, qs B, = — 160l By =160,  (2:84)

since qs £, =0 unless u=16. Hence at least one of the quantities PE, has
a non-vanishing quarterspur. Therefore at least one of the quantities P
does not vanish.

The quarterspurs of POE_ and E, P’ are equal; for they are the quarter-
spurs of —aXF, B @ and —aZE ©F,, which are equal by (2-54). Hence, in
securing that P s 0, we also secure that P @ #0.

Having found non-vanishing P©), P"®, we use these instead of P, P’, and
repeat our previous analysis as far as (2-75), obtaining

F,P?=POF, E P©=POF, (2-85)

It will be found that E, remains passive in the middle of the expressions
F,P9F, and does not affect the argument. Proceeding to Case (a), we find
as before that P@P® is algebraic. Further, it cannot vanish; for, as shown
for P, P’ at the beginning of this section, its vanishing would require that
either P or P'@ ig zerbo.

It may seem curious that we should be able to choose ¢ arbitrarily in the
transformation F, = P‘U)E P, The explanation is that by changing o we
introduce a purely algebralc factor which is absorbed in «. Evidently the
transformation could be further generalised by substituting an arbitrary
E-number in place of £.

We notice for future reference that there is at least one reflection B
which is connected with F, by the unmodified transformation ¢ = o2 F, E,@,
q = MEEM(U)F#. For, choosing o so that P©®@, P @0, we have

o3, F, B, = —aSF,E, B, B,= — POE,+0,

a F2d o

o2, B, OF, = —aXB, B, B, F,= —E,P'@#%0.

2:9. Application to Relativity.

The transformation F, = qE,q' is formally the same as the transformation
(1-463) of a mixed tensor 7" =qTq’. Limiting ourselves for the present to
Case (a), ¢ is now a non-singular E-number instead of a non-gingular matrix.
We shall find in Chapter 111 that fourfold matrices are a special representa-
tion of H-numbers. Thus it is appropriate to generalise the definitions of
tensors in Chapter I by substituting symbolic £-numbers for matrices.

In physical applications we shall call a complete set of E, a symbolic
frame. By the above transformation we obtain a different but equivalent
symbolic frame F,. If the B, are taken to be mixed wave tensors, the
change from one symbolic frame to an equivalent frame is a tensor trans-
formation. A change of symbolic frame is then part of a general change of
system of description, and other quantities occurring in the description are






